Finite-amplitude Rossby wave activity (FAWA) proposed by Nakamura and Zhu measures the waviness of quasigeostrophic potential vorticity (PV) contours and the associated modification of the zonal-mean zonal circulation but it does not distinguish longitudinally localized weather anomalies such as atmospheric blocking. In this article FAWA is generalized to local wave activity (LWA) to diagnose eddy-mean flow interaction on the regional scale. These analyses reveal that the nonacceleration relation holds approximately over regional scales: the growth of phase-averaged LWA and the deceleration of local zonal wind are highly correlated. However, marked departure from the exact nonacceleration relation is also observed during the analyzed blocking event, suggesting that the contributions from nonadiabatic processes to the blocking development are significant.
Introduction
Waves play an important role of rearranging angular momentum in the atmosphere. This process 32 is summarized by the generalized Eliassen-Palm (E-P) relation (Andrews and McIntyre 1976) 
where A is the density of wave activity (negative angular pseudomomentum); t is time; F is the 34 generalized E-P flux, which represents radiation stress of the wave and equals the group velocity 35 times the wave activity density for a slowly modulated, small-amplitude wave; D denotes noncon-
q(x, y , z,t)dxdy − D 2
q(x, y , z,t)dxdy
where L x is the length of the zonal circle. Note that under conservative quasigeostrophic dynamics Q-y relation on the z surface Q(y, z) is independent of time because the wind that advects PV 73 is divergence-free and thus area preserving. In (2) PV is defined as (Nakamura and Zhu 2010;
74
Nakamura and Solomon 2010).
75
q(x, y, z,t) = ζ + f 1 + e z/H ∂ ∂ z e −z/H θ −θ (z) dθ /dz ,
where f (y) is the Coriolis parameter, ζ is relative vorticity, θ is potential temperature,θ (z) is 76 its global horizontal average, and H is a constant scale height. Now q ≥ Q everywhere in D 1 ,
77
but D 2 includes some regions outside D 1 in which q ≤ Q and excludes parts of D 1 (Fig.1a) , so 78 the first integral in (2) is greater than the second, implying A * ≥ 0. The equal sign is achieved 79 only when the PV contour coincides with the latitude circle. As noted by NZ10, in the small-80 amplitude, conservative limit A * (y, z,t) converges to the more familiar expression for wave activity, 
This is due to the fact that the first integral in (2) reduces to Kelvin's circulation around a ma-Because of the waviness in the flow, the PV contour of value Q is displaced locally from (x, y, z)
115
to (x, y + η(x, y, z,t), z), where η(x, y, z,t) is defined positive northward. (As we will see below, η 116 can be multivalued in y.) Now let 0 ≤ y ≤ η or 0 ≥ y ≥ η depending on the sign of η. The eddy 117 field is defined between (x, y, z) and (x, y + η, z) as 118 u e (x, y + y , z,t) ≡ u(x, y + y , z,t) − u REF (y, z),
v e (x, y + y , z,t) ≡ v(x, y + y , z,t),
θ e (x, y + y , z,t) ≡ θ (x, y + y , z,t) − θ REF (y, z),
q e (x, y + y , z,t) ≡ q(x, y + y , z,t) − Q(y, z).
Notice that the displacement coordinate y is independent of y; in other words the eddy field is not 119 defined globally as the total field minus the reference state but it needs to be redefined for each y.
120
By definition 121 q(x, y + η(x, y, z,t), z,t) = Q(y, z), q e (x, y + η(x, y, z,t), z,t) = 0
and
η(x,y,z,t)
The definition of local finite-amplitude wave activity (LWA),Ã * (x, y, z,t), follows most naturally 123 by rewriting (2) as:
y+η (x,y,z,t) q(x, y , z,t)dy − Ã * (x, y, z,t) − ηQ(y, z) dx =Ã * (x, y, z,t) − η(x, y, z,t)Q(y, z) =Ã * (x, y, z,t),
where the last line used (10). We define LWA,Ã * (x, y, z,t), as 126Ã * (x, y, z,t) ≡ − η(x,y,z,t) 0 q e (x, y + y , z,t)dy
or equivalently 127Ã * (x, y, z,t) ≡ W − q e (x, y + y , z,t)dy − W + q e (x, y + y , z,t)dy (13)
In the above we use(...) * to denote wave activity that is a function of both longitude and latitude.
128
It is evident from (11) that the zonal average of LWA recovers FAWA (2). In practice LWA is ofÃ * is illustrated in Fig.1b . On a given z-surface, PV is generally greater on the northern side 134 of the wavy contour than on the southern side, such that q e ≥ 0 in the red lobes and q e ≤ 0 in 135 the blue lobes. The line integral of q e over the red area and minus the line integral of q e over the 136 blue are both positive, which makesÃ * a positive definite quantity. By construction,Ã * (x, y, z,t)
137
is Lagrangian (nonlocal) in y and Eularian (local) in x. Notice that since LWA vanishes at the 138 nodes, (i.e., crossing of the PV contour and equivalent latitude) it contains the phase structure of 139 the waves in addition to the amplitude. In the small-amplitude, conservative limit (12) becomes
2) LOCAL WAVE ACTIVITY AND PV GRADIENT
141
NZ10 shows in their Eqn. (18) that FAWA bridges the Lagrangian-and Eularian-mean PV via
Analogous result may be obtained for LWA when differentiating (12) with respect to y (see pendix A for the derivation):
When η is multivalued, the sum of all values is used. Zonally averaging (17) and using (10) 145 recovers (16). Differentiating this with respect to y again yields
which generalizes the relation (19) in NZ10. Thus the criterion for local reversal of PV gradient is Appendix B for the derivation):
where
denotes the advective flux of LWA, whereas
is the generalized E-P flux (Plumb 1985) . Here κ = R/c p , R is gas constant, and c p is specific heat 158 at constant pressure. The first term in the x-component of (21) 
where q(x, y, z,t) ≡ q * (x, y, z,t) + q 0 (y, z), and Y (q 0 , z) is an inverse function of q 0 (y, z) for a given 170 z. A IC (x, y, z,t) obeys (Killworth and McIntyre 1985; Haynes 1988) 171
172
where the asterisk denotes the local departure from the reference state. If q 0 is chosen to be 174 identical with Q(y, z), there is a close relationship betweenÃ * and A IC . As illustrated in Fig.2 ,
175
on the y-q planeÃ * (x, y 1 , z,t) is given by the area bounded by q = Q(y 1 , z), y = y 1 and the curve 176 q = q(x, y, z,t) (Fig.2a) , whereas A IC (x, y 1 , z,t) is given by the area bounded by q = q(x, y 1 , z,t), 177 y = y 1 and the curve q = Q(y, z) (Fig.2b) . When the eddy is of small-amplitude (i.e. q(x, y, z,t) ≈
178
Q(y, z)), these two areas are similar and both converge to (15). At where q(x, y, z,t) = Q(y, z)
179
(nodes), they both vanish. However, once the PV gradient ∂ q ∂ y is reversed,Ã * becomes positive 180 even at q = Q(y, z) (Fig.2c) , whereas A IC remains zero (Fig.2d) . In fact,Ã * tends to be greatest 181 around the gradient reversal because both red and blue lobes in Fig. 1b (x = x 3 ) contribute to it.
182
Consequently,Ã * emphasizes the region of wave breaking more than A IC does, as we will see in 183 the next section.
184
Both wave activities obey similar equations [(20) and (24) blocking, it is desirable to characterize eddy-mean flow interaction over a regional scale.
196
To formulate local eddy-mean flow interaction in a form analogous to (4), we start by taking the 197 density weighted vertical average of (20):
where the angle bracket denotes the density weighted vertical average
As will be shown in section 4, because of the density weighting this column average mainly 200 samples the troposphere. The corresponding vertically averaged zonal momentum equation is
where Φ e is the eddy geopotential. We also introduce local surface wave activityB *
which is analogous to (12) but defined based on the meridional displacement of surface potential 203 temperature contour. Note by definitionB * ≤ 0 and its zonal average recovers the surface FAWA
204
(NZ10, Wang and Nakamura (2015), submitted to GRL).B * obeys the equation
where ψ e is barotropic streamfunction such that v e = ∂ ψ e ∂ x . Notice the zonal average of (32) gives
a baroclinic extension of (4). Now define regional average over a longitudinal window of ∆x,
Averaging (32) over ∆x would give
If the atmospheric wave packets satisfy the Wentzel-Kramers-Brillouin (WKB) approximation
211
[Bühler (2014) Ch.2] such that the wavelength is much smaller than the length-scale of the packet,
212
by choosing ∆x to be the wavelength, the right-hand side of (35) would be a small residual due to 213 the slow modulation of wave properties in x. Thus on short timescales
This is the approximate local nonacceleration theorem in the WKB sense: the sum of the phase- 
Numerical experiment

228
Experimental setup
229
The utility of the LWA diagnostic will be tested in a barotropic decay simulation of finite- 
where f = 2Ωsinφ is the Coriolis parameter (Ω is the rotation rate of the sphere), ζ is relative 233 vorticity, J is Jacobian, ψ is streamfunction and ν is hyperviscosity, which we choose to damp 234 the shortest resolved wave by a factor of 1/48 daily. We impose an initial zonal-mean flow as 235 prescribed by HP87 236ū (φ ,t = 0) = 25 cos φ − 30 cos 3 φ + 300 sin 2 φ cos 6 φ ,
which mimics the zonal-mean wind in the upper troposphere with westerlies in the midlatitudes
237
and an easterly at the equator. We also impose a vorticity anomaly ζ of the form in HP87, which 238 is a Gaussian wave packet in meridional centered at φ m = 45 • with zonal wavenumber m = 6.
239
wave packets. Here m and n are the zonal and total wavenumbers, respectively. The explicit form 241 of ζ (see Fig.3 , top) is
where φ is latitude, λ is longitude, (21), (22), (25) and (26) is ignored, and potential temperature and surface LWAB * are 249 set to zero. The local nonacceleration relation (36) is simplified to
Comparison betweenÃ * and A IC
251
The overall flow evolution is similar to that in HP87: the wave packet initially located on the 252 north side of the jet axis splits into poleward-and equatorward migrating tracks, and as they with a higher equivalent latitude. A IC also picks up the isolated vortices but they tend to be much 268 more compact and intense thanÃ * . Also, the structure of A IC around the negative anomalies ap-269 pears more filamentary thanÃ * . Part of this difference is due, as explained in the previous section 270 (in Fig.2d ), to the fact that A IC tends to suppress wave amplitude in the region of reversed vor-271 ticity gradient: for example, the value of A IC drops from a maximum to zero to the north and 272 south of isolated vortices. By day 6 (Fig.4, is whether the nonacceleration relation holds at a more regional scale ∆x < π as in (36). Although
288
there is no strict periodicity below π due to the presence of multiple waves, m = 6 still remains a 289 dominant zonal wavenumber so ∆x = π/3 would be a reasonable choice of the averaging window. prominent wave breaking occurs around here (Fig.4) .
293
The special case in which the wave spectra are highly discrete. In a sense it is even less obvious how 321 best to choose an optimal ∆x when the waves have broader spectra. We will see in the next section 322 that dealing with the real atmospheric data, horizontal averaging may actually be forgone. and investigating blocking events with meteorological data.
333
In this section, we explore the extent to which the dynamics of a real blocking episode may be 334 characterized based on the conservation relation (36). In particular, we will study the blocking 
339
First, we evaluate PV from (3) on 49 equally spaced pressure pseudoheight as described in 340 Nakamura and Solomon (2010) (we assume H = 7km). Then, we computeÃ * from (13).B * is 341 computed from (30) except we have replaced the surface potential temperature with the potential 342 temperature at 866hPa to avoid the nonquasigeostrophic effects in the boundary layer. Figure 10 shows the vertical structure of 374Ã * (left) and density weighted LWA (e −z/HÃ * , right). Even though the pattern of blocking is 375 apparent inÃ * only at the upper levels (i.e. 300-150hPa), density weighting indeed brings out a 376 vertically coherent structure of high LWA as shown in Fig.10 (right) . Thus, what we observe in by the black lines in 7) at different latitudes within the meridional extent of the blocking episode.
383
Here ∆ denotes departure from the seasonal average. This graph is analogous to Fig.5 
406
A robust negative correlation is found between u and Ã * +B * in both a simulated wave break- Starting from (12)
Then by taking the derivative with respect to y and using the Leibniz rule and (9) 436
This is (17). From (12)
Taking the time derivative and using the Leibniz rule and (9)
Note that the spatial derivative of the eddy quantities is taken with respect to the coordinates (x, y ),
443
and we used nondivergence of (u e , v e ). Substituting (B3) into (B2) yields [with repeated use of the
444
Leibniz rule and (9)]
u e q e dy − (v e q e ) y =0 .
Rewriting the last term with the Taylor identity and thermal wind balance relation,
This is (20) q e (x, y + y , z,t)dy ;Ã * (x 2 , y) = W 2− q e (x, y + y , z,t)dy ;
q e (x, y + y , z,t)dy ;Ã * (x 4 , y) = W 4− q e (x, y + y , z,t)dy . 
